Abstract. Y. Matiyasevich has found an interesting application of proof theory (especially, completeness of resolution and hyperresolution) to problems in discrete mathematics. In this note, we illustrate this technique and give a proof of the classical Marriage Lemma 4] using completeness of hyperresolution. This argument is purely syntactical, and extends directly to the in nite case. As an application we give a purely syntactical version of a proof that resolution is exponential on the pigeon-hole principle.
Introduction
The resolution rule 7] can be stated without references to logical connectives. It manipulates clauses, that can be seen abstractly as a pair of nite sets of \token" or atomic propositions. Despite, or maybe because of, this simplicity, it has deep connections with various parts of mathematics. Some of these connections were pointed out early on in 6, 5] , respectively in the eld of discrete mathematics and algebra.
In resolution calculus, we are interested in the consequences of a theory, that is a collection of given clauses X i`Yi : Here we write X; Y; Z; : : : for nite sets of token, and we write x 1 ; : : : ; x n`y1 ; : : : ; y m the clause :x 1 ; : : : ; :x n ; y 1 ; : : : ; y m : In 2] it is noticed that in many mathematical examples, one can give a direct, non inductive, description that captures exactly the consequences of a given theory. Y. Matiyasevich found an interesting application of the completeness of resolution and hyperresolution to proofs in discrete mathematics. If we consider for instance the problem of showing that any nite graph satisfying a property P also satisfy another property Q, one approach is to proceed by induction on the size of the graph. If however the property P is expressed in a formal system (for instance, hyperresolution), one can nd another way of doing the induction, which is by induction on a possible proof of P. The advantage of this approach is that the induction is directly connected to P. In 6] , this technique is applied to some theorems in graph theory, and one approach to the 4-colour theorem is sketched.
In this note, we give a similar example in the eld of combinatorics, and present a purely syntactical proof of the classical Marriage Lemma 4] . We use then this result to get a simpli ed version of a lemma used in showing that resolution is exponential.
Hyperresolution
To simplify our arguments we use the completeness of hyperresolution. This is used also in 6, 5] . Given a set of rules X i`Yi , it is the rule a 1 ; Y : : : a n ; Y Y provided X i = a 1 ; : : : ; a n and Y i Y It can then be shown 7] that`Y is a consequence of X i`Yi i Y can be derived using the hyperresolution rule.
Pigeon-Hole Theory
We suppose given two sets nite sets P and H. We take S = P H: The rules are (a; h 1 ); (a; h 2 )`T 1 meaning that a pigeon cannot be in two di erent holes, and (a 1 ; h); (a 2 ; h)`T 2 meaning that there is at most one pigeon in one hole, and nallỳ f(a; h) j h 2 Hg C a meaning that each pigeon is in one hole. We let T be the set of all these rules (\pigeon-hole theory").
The theory T is the union of the three theories T 1 ; T 2 ; C a : We give a direct characterisation of consequences of T. Let a large rectangle be a set of the form P 1 H 1 with P 1 P; H 1 H and jHj < jP 1 j + jH 1 j: Theorem 2.1. Y P H is a consequence of T i it is a consequence of T 1 ; C a i it contains a large rectangle. Proof. It is clear that any subset containing a large rectangle is a consequence of the theory T, or even the theory T 1 ; C a 1 .
We show that the set of such subsets of P H is closed by the hyperresolution rule. We have then three cases to consider.
Y is derived from Y; (a; h 1 ) and Y; (a; h 2 ) and we can assume (a; h 1 In non syntactical terms, it means that if we assume jP 1 j j a2P1 A a j for any nite subsets P 1 of P then there exists an injective map f in ( a 2 P)A a : Indeed, the theory T 1 ; T 2 ; f(a; h) j h 2 A a g is then non contradictory, and hence has a model, which is such a function f. This is the usual formulation of the Marriage Lemma 4].
Let us give another application, characterising exactly all the consequences in the case where H; P are nite.
Corollary 2.3. Any clause consequence of T 1 ; T 2 ; C a , and not of T 1 ; T 2 has the form (a 1 ; h 1 ); : : : ; (a n ; h n )`Y where a i 7 ?! h i is a partial one-to-one map, and P 1 H 1 Y , where P 1 is disjoint from a 1 ; : : : ; a n , and H 1 is disjoint from h 1 ; : : : ; h n and jHj < jP 1 j + jH 1 j + n:
Proof. Since the clause is not a consequence of T 1 ; T 2 it has the form (a 1 ; h 1 ); : : : ; (a n ; h n )`Y where a i 7 ?! h i is a partial one-to-one map. Then`Y is a consequence of T 1 ; T 2 ; C a ; (a i ; h i ), hence the result from the theorem.
Application to the analysis of the Pigeon-Hole Principle
We present a variation on the simpli ed version of the lower bound proof of 1].
We consider the theory T 1 ; T 2 ; C a in the case where P; H are nite, jHj = N = jPj ? 1 and we want to show that any proof of the empty clause by resolution has to be exponential.
Our argument avoids the non syntactical notion of critical assignement 1]. We say that a clause C is killed by a token (a; h) i C is a consequence of the theory T 1 ; T 2 ; (a; h): A clause is large i it is killed by at least 2=9th of the atoms. We limit ourselves to show that in any proof by resolution appears a large clause. In 1], it is shown how the exponential lower bound result follows from this fact by using the method of random restrictions.
Proposition 3.1. Any resolution proof of the empty clause from T 1 ; T 2 ; C a contains a large clause. Proof. Indeed, it is easily seen that there is one clause in this derivation that can be derived from less than 2=3 of the clauses C a but cannot be derived from less than 1=3 of these clauses. By the second corollary of the theorem, this clause has the form (a 1 ; h 1 ); : : : ; (a n ; h n )`Y where a i 7 ?! h i is a partial one-to-one map, and P 1 H 1 Y , where P 1 is disjoint from a 1 ; : : : ; a n , and H 1 is disjoint from h 1 ; : : : ; h n and N < jP 1 j + jH 1 atoms.
